
C O M M U T A T I V E  G R A M M A R S  

S. CRESPI-REGH1ZZI (i), D.  MANDRIOLI (1) 

ABSTRACT - Commutative grammars are a formalism for generating bags, equivalent to 
vector addition systems and Petri nets. Known results are recalled and new one 
are presented on reachability and boundedness. In particular some subclasses of 
commutative grammars are introduced which admit a positive answer to these' 
problems, and generate semilinear languages. Finally the equivalence, via Parikh 
mapping, of commutative and matrix grammars is proven. 

1. Introduction. 

I n  th i s  w o r k  we i n t r o d u c e  c o m m u t a t i v e  p h r a s e  s t r u c t u r e  g r a m m a r s  as  

a dev ice  for  g e n e r a t i n g  se ts  o f  b a g s  ( c o m m u t a t i v e  l a ngua ge s )  r a t h e r  t h a n  

s t r i ngs .  

Th is  f o r m a l i s m  is shown to be  e q u i v a l e n t  to v e c t o r  a d d i t i o n  s y s t e m s  

[1], a n d  to P e t r i  n e t s  [2, 3, 4, 5] two wel l  k n o w n  models  of  p a r a l l e l  pro-  
cess ing .  

C o m m u t a t i v e  g r a m m a r s  a re  a lso  qu i t e  c lose  to  t he  t r a n s f o r m a t i o n  ex- 
p r e s s ion  of  [6]. 

U s i n g  t h i s  a p p r o a c h  some r e l e v a n t  p r o b l e m s  of  Pe t r i  ne t s ,  n a m e l y  

r e a c h a b i l i t y ,  l i venes s ,  s a f e t y  a n d  b o u n d e d n e s s  a r e  d i s c u s s e d .  M o r e o v e r  t he  

s e m i l i n e a r i t y  o f  c o m m u t a t i v e  l a n g u a g e s  is  i n t r o d u c e d  as  a tool  for  s t u d y i n g  

the  pe r iod i ca l  b e h a v i o u r  of  a s y s t e m .  

Some k n o w n  r e s u l t s  on b o u n d e d n e s s  a r e  r eca l l ed  in  t he  n e w  fo rma l i sm.  

1flew r e s u l t s  a r e  o b t a i n e d  on the  d e c i d a b i l i t y  a n d  s e m i l i n e a r i t y  o f  boun-  

ded  l a n g u a g e s .  F u r t h e r m o r e  we i n t r o d u c e  m o d u l a r  g r a m m a r s  as  a s u b c l a s s  

o f  c o m m u t a t i v e  g r a m m a r s  which  g e n e r a t e  u n b o u n d e d  a n d  s e m i l i n e a r  lan-  

guages .  
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In  the sequel we invest igate,  through a Pa r ikh  mapping~ the relat ion 

of commuta t ive  to nomcommuta t ive  g rammars ,  and non commuta t ive  mat r ix  
g r ammars  [7, 8]. 

2. Def in i t ions  and  f i rs t  p r o p e r t i e s .  

Let  V a finite vocabulary .  A bag (or multiset) is a finite set,  poss ibly  
with repeti t ion,  of elements  in V~ (i. e. a bag  is an unordered  str ing) [6]. 

Le t  ~ denote  both the nul  s t r ing  and  nul  bag. 
Let  ~V (resp. V*) denote the set  of all bags  (resp. s t r ings)  made of 

elements  in V. 
Let + V  (resp. V+) denote  the sets * V - -  [~} (resp. V * - -  (2}). Nota t ion :  

bags  (strings) are wri t ten as lowercase (greek) let ters  a t  the end of the 
alphabet .  

Operat ions  on bags.  
Le t  

Let  
v = {a, , . . . ,  a~). 

r = ~ '  ... ~ P  q - -  ~ '  ... ~ ,  

r ~ a ~ . . . a ~  ~ be in *V. 

We  define the following operat ions and  relat ion,  where i - ~  1, ... , k .  
Union : 

r ~ 10 U q ~ a~ ... a~ k, where  r~ ~ max  (p~, q~). 

Sum or conca tena t ion :  

In tersec t ion  : 

Inc lus ion  : 

'r r r ~ p .  q ~ pq -~- a~t ... ak k , where ri ----- p~ -~ p~ .  

r ~ p fl q ~ a~ l ... a~ k, where r~ ~ rain (p~, q~). 

p ~ q  i f f  P i ~ : q ~ .  

(~O~I]KUTATIVE GRA~I1KARS. 

We  now introduce the new 

language.  

concepts  of  commuta t ive  g r a m m a r  and  
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A Commutative grammar GC is a t r ip le  (V~r, Vr,  PC) where 

V~--~ {A, B, ...} is a finite non e m p t y  non te rmina l  a lphabet ,  

Vr ~- {a, b, ...} is a finite non empty~ te rminal  a lphabet ,  Vivn V r ~  Q,  

PC is a finite, non  empty ,  set  of  rules  of  the  form u - -+v~  u in +V~v, v 
in *V, where  V~--- VrO  V,v. 

DERIVATIONS. Le t  q in *V, p in +17". 
Then  q immediately derives f rom q (wri t ten p ~ >  q) iff there  exist  

bags  u, v, x suct~ tha t  p ~ ux, q -~  vx and  u - - ~  v in PC.  

Also  q derives from p (writ ten * p ~ >  q) iff for  some n ~ 0 there  exist  

n-~- 1 bags  r 0 . . . r .  such  tha t  r o--:-p, r~ = q, r ~ >  r~+l, i =  0~... ~ n - -  1. 

The le~gth of  the der iva t ion  is n. The  name  GC of  the  g r a m m a r  will be 

omit ted  when  obvious.  

Let  GC a c o m m u t a t i v e  g r a m m a r  and  s a bag  in +V. The language 
generated by the pair (GC, s) is 

~(GC, s)={tlt in * V r  and  s * > t } .  
o(7 

Igotiee tha t ,  in con t r a s t  with the classical  definit ion,  a g r a m m a r  is hero 
defined as a tr iple with the axiom excluded.  The same c o n v e n t i o n  will be 

applied also to non-commuta t ive  g r ammars .  

CLASSES OF GRAM~IARS. 

The same  res t r ic t ions  on the ru les  charac ter ize  the  fo l lowing  classes 
of  n o n c o m m u t a t i v e  and  c om m ut a t i ve  g r a m m a r s .  

CONT~.XT-SENSITIVE : all rules  are o f  the  form u ---+ v, where  [ u [ ~ [ v t(~ ). 

C O N T E X T - F R E E  ; all rules  are of  the form A - +  u, where  A in  V~r. 

REGULAR " all rules  are o f  the form A ~ aB or A ~  a~ where  A~ B 
in V~v, and  a in Vz .  I t  is immedia te  t h a t  the  th ree  above  types  of  c o m -  

m u t a t i v e  g r a m m a r s  gene ra t e  recurs ive  languages .  

(2) [u[ denotes the length, i. e. number of symbols, in the bag or string u. 
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EQUIVALEI~CE. Let GC and GC" be commutat ive grammars,  and s, s '  

bags respectively in + V  and + V ' .  Then the pairs (GC, s) and (GC', s') are 
equivalent if /~ ( GC., s) -~- L (GO', s'). 

THRESHOLD-FREE GRAMMARS. 1~_ commutat ive grammar  is threshold-free 
iff, for any production u - -+  v in PC, u N v-~-L 

I t  is immediately seen that  any commutat ive grammar  can be trans- 

formed into an equivalent  threshold-free grammar  as stated in the next  
lemma. 

LE~MA 2.1. Let  GC = (V~v, VT, PG). 

Then a threshold-free grammar  GC"---(V~+~ Vr~ PC') can be construc- 
ted such that  the pairs (GC,,s)7 (GC/~ s) are equivalent  for all s in +V~r. 

The following definitions are needed in order to compare commuta t ive  
and non-commutative grammars.  

I)ARIKH ~IAPPING. Let V = {a i , ..., a,}, iV the set of na tura l  numbers .  
Define the mapping  

as follows. 
For  # in V*:  

~:  V * U * V - - ~ I ' "  

(~) = ( ,  a I (g),  . . . , ,  a~ (~)) (8). 

i a in  For p in *V, where p = a l i . . .  

(~)  = ( i i ,  ... , i . ) .  

5Totiee tha t  the restriction of ~F to bags is a one-to-one mapping.  

The mapping is extended in the obvious way to languages.  The folio- 

wing notion is needed in order to relate commutat ive  and non-commutat ive  
grammars.  

~S. EQUIVALENCE. Let GN, GC noneommutat ive  and commuta t ive  gram- 
mars, and let o, s, respectively a nonnul  str ing and bag. 

Then the pairs (Gh r, o) and (GC, s) are ~ equivalent iff 

~ ( L  (a~r ,  o)) = ~ , ( ~  ( o c ,  ,)).  

(3) ~ al (#) denotes the number of occurrences of a t in #. 
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A remark  is now iu order. Let  G N - ~ ( V , v ,  V r , P ) ,  G C = ( V ~ v ,  V r , P C )  
where for each # - - ~  in P there exists  a u - - + v  in PC, with T ( u ) ~  ~(~) ,  
ku (v) = ku 0'). 

Le t  also ~ ( s )  ~ W(o). Then it is not t rue in general  tha t  ~ ( Z  (GC, s)) -~ 
---- ~r(L(GN, 0)), as shown by the example.  

Example  
OC: A - + B a G  

, s ~ A  

B O - +  b 

Then 

whereas 

GN : A ~ BaC 

BO--+ b 
, a ~ A ,  

~ ( L  (GC, s)) = k~r ({ab}) = (1, 1), 

~ ( L  (GN,  0)) ~ ~ ( ~ )  ----- 6 .  

On the other  hand,  if  G5 r and GC are context-free then, for every  s, 
such tha t  ~ ( s )  ~ ~(a ) ,  who have ~ ( L  (GC, s ) ) ~  ~ ( L ( G Y ,  a)) since for 
every der iva t ion  s * * ee > t we can find a der ivat ion o > 3, and  con- a~ 
versely,  such tha t  the rules applied a t  each step of both der iva t ions  are 
respect ively  /~ --+ ~, u --~ v with 

(u) = ku (~), ~ (v) ----- T (~). 

I t  follows tha t  ~ (t) ~ ~ (~). 

CLOSURE PROPERTIES.  

I t  is immedia te  to ver i fy tha t  commuta t ive  languages  are closed with 
respect  to the  following classical opera t ions :  

a) Union 

b) In te rsec t ion  

v) Sum or Concatenat ion 

d) Homomorph i sm and reverse homomorphism 

e) Subst i tu t ion.  

COMMUTATIVE GRAMMARS AND EQUIVALENT MODELS FOR PARALLEL PRO- 

CESSING. 

In  s tudies  of  parallel  processing two models, vector  addit ion sys tems 
[1] and Pe t r i  nets [2] have  been proposed which are known to be equiva len t  
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to each other [3~ 5]. :bText we recall the aforement ioned models and we show 
their  equivalence to commuta t ive  g rammars .  

A Petri  ne$ (fig. 1) is an oriented graph  where nodes are pa r t i t ioned  
in two types  called places and transitions, respect ively  represen ted  b y  cir- 
cles and shor t  segments .  An arc can in terconnect  two nodes of  different 
types.  Each  place can contain any  n u m b e r  of token, represented  as dots. 
The state of the ne t  (fig. 1) is the number  of tokens  in each place and 
can be represented  as a bag (e. g. BCD~). 

A trans i t ion  ti is firable if, for each arc t e rmina t ing  on t~ and or ig ina t ing  
from a place Aj,  Aj contains at  least  one token. 

In  the example  t i is not firable, whereas  te and t3 arc firable. 
The f ir ing of a flrable t rans i t ion  has the effect of sub t r ac t ing  one 

token per  arc from each ingoing place and adding one token per  arc to 
each out-going place. Thus the firing of t a produces  the s ta te  ABC~ and t l 
becomes firable. 

Le t  5 r a Pet r i  net.  I t  is immedia te  to cons t ruc t  a commuta t ive  gram- 
mar  GC such that ,  for any  initial  s ta te  s of the net,  the set  of  reachable  
s ta tes  in h r equals  Z (GC, s), and conversely .  

For  the  net  of fig. 1, the following g r a m m a r  is equivalent ,  up to an 
isomorphism. 

A ----~ B C B --+ b 

B C --+ A D  C ---+ c 

CD ~ ~ A C D --+ d. 

A --+ a 

An n-dimensional  veotor addition system is a pair  (r, W) where  r (star- 
t ing state) is a n-dimensional  vector  of nonnega t ive  in tegers  and  W is a 
finite set  of  nd imens iona l  in teger  vectors ,  i. e. a matr ix .  The set  R (r, W) 
of reachable  s ta tes  is the set of all vectors  of  the  form 

r + o i + c~ + ... + oq = q, 

where c~ in W, i-----1,2, . . .~q and 

r + ei -~- el + ... -~- v ~  0 , i . ~ l ,  2 , . . . , q .  

From the preceding definitions the equivalence of threshold.free commuta t ive  
g r a m m a r s  and vec tor  addit ion sys tems  follows immediate ly .  F r o m  Lemma  
2.1 the equivalence  extends  to genera l  commuta t i ve  g rammars .  
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3. Decision p r o b l e m s  fo r  c o m m u t a t i v e  g r a m m a r s .  

In  this section we recast~ in te rms  of commuta t ive  grammars ,  some 

typical  problems of Pet r i  nets.  
Le t  GC ~ ( VN , Vr , PC). 

REACgABILITY: [4 7 5]. Does it exist  an algori thm which, for any  pair  
(GC~s) and t in Vr ,  de termines  whether  s * - > t ?  

o(? 

LIVE~ESS: [9, 4, 5]. A rule u ~ v  in PC is live with respect  to a bag  
s in +V~v~ if for any  t i a  *V~. such tha t  s - - J - - > t ~  there exists  q in *V.v 
such tha t  t * > q  and q ~ u .  

Does it exist  an algori thm which, for any  pair  (GC, s ) a n d  for any  
rule in PC, determines  whether  the rule is live with respect  to s ? 

BOUI~DED~NESS: A pair (GC, s) is nontermiaal brocaded (ntb) if  there 
exists  a posi t ive in teger  k, which depends only on (GC~s), such tha t  
for any  t such tha t  s * > t~ the number  of nonterminals  in t does 
not  exceed k. 
I f  GU is such tha t  each terminal  occurs exact ly  in one rule A - - ~  a~ (as in 
the example  of fig. 1), the above definition coincides with the definition of 

Fig .  1 

boundedness  found in [5]. A grammar GC is nonterminal bounded i f  any  
pair  (GC, s) is ntb.  

Does it  exis t  an algori thm which, for any  pair  (GG, s) (resp. for any  
g r a m m a r  GC) determines whether  (GC 7 s) (resp. GO) is n tb  ? 
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SAI~EI'Y [9]. A pair  (GC, s) is m safe if  for any  A in V~v and  for any  

t such tha t  s * >t, t ~ _ A  "~+1. 
Another  p roper ty  which deserves a t ten t ion  is semii ineari ty,  because  of 

its connection with the periodici ty of nots behaviour .  Semi l inear i ty  has 

been inves t iga ted  in [3]. 

LINEAR AI~D SE~IIL1N]gAR SETS [10, 11]. 

Le t  A G Y~--= {n-tup les of posit ive integers}. 
The set A is linear i f f t h e r e  exist  k in h r and  k - + - i  e lements  in N '~, 

denoted by  C, P i ,  P~ ,  . . . ,  P* ,  such tha t  

A x l x ~ -  C +  2 h~p~,hi in N . 
1 

Then C is the cons tan t  and P~, i ----- 1, . . . ,  k are the _periods of the l inear  set. 
A set  B ~ N "  is semitinear iff B is the finite union of l inear  sets. 

SE~IILINEAR LANGUAGES. 

A commuta t ive  language  L c ' V ,  V-~-{ai ,  a~, . . . ,  a~}, is semilinear 
(linear) if  ~ ( L )  C N n is a semil inear  (linear) set. 

I t  is in teres t ing to inves t iga te  under  which conditions Z(GC,  s) is se- 

milinear.  
Nex t  we briefly comment  on the the resu l t s  concerning the  above  pro- 

blems before present ing  new formal  developments .  
Reachabi l i ty  and l iveness problems are p resen t ly  not  solved for a ge- 

neral  commuta t ive  grammar .  Recent ly  H a c k  [5] has shown tha t  the two 
problems are recurs ive ly  equivalent .  P roper  subclasses  of Pe t r i  nets  have  
been in t roduced for which one or bo th  problems are decidable. These  sub- 
classes include m arked  graphs  [9] conflict-free ne ts  [3] [i7t, free choice nets  
[4], each class be ing  included by  the following one. In  the nex t  sect ion we 

prove  the decidabi l i ty  of  a new subclass.  

4. Modular commutative grammars. 

The s ta r t ing  point  for the considerat ions of this sect ion is nonterminal-  

boundedness .  
The decidabi l i ty  of  n. t. b ,  for a pair  (GC, s) and therefore  of  m-safety,  

for every  m, is a s t ra igh t forward  corollary of the eoverability theorem b y  
Karp  and Miller [1] (in the formal ism of  vector  addition s y s t e m s ) :  f rom 

the a lgor i thm of [1] it  is also easy  to cons t ruc t  a pair  (GC, s)~ GC regular ,  
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which is equivalent  to a n .  t. b. pair  (GC, s)(*): thus  the semil inear i ty  of 
n. t. b. pairs immediate ly  follows from Par ikh  theorem [10, 11]. 

:Now we can define an operat ion of composit ion of commuta t ive  gram- 
mar  pairs~ each pair  semilinear,  which guarantees  the semil inear i ty  of  the 
compound g r a m m a r  pair,  without  imply ing  nontermina l  boundedness  for 
the lat ter .  Our  construct ion is based on the following results  due to Grei- 

bach [13, 14]. 
Le t  / ~ * V ,  and~ for each a in V, let / ~ , r  where V and V, are 

a lphabets .  
Define a subs t i tu t ion  , as follows: 

(a) = L~ for each a in V;  

(x.y)----~(x) .~(y)  for x , y  in * V ;  

(L) = {r l r  in ~(w), w in L}. 

A nested iterated substitution is defined as follows: Let  z a subs t i tu t ion  
on V s u c h  t h a t a i n  z(a) for all a in V, extend the definition to V U ( U  V,) 

by  defining z ( b ) =  {b} for b in (U V ~ ) -  V. T h e n :  

~i (L)  = �9 (L) .  

~-+~ fZ) = ~ (~  (z)), for  n ~ 1 

~ (L) ~- U ~" (L). 
n 

I t  was proved by  Greibaeh [17, 14] for the non-commuta t ive  languages  tha t  : 

THEOREM 4.1. Let  L and L ,  semil inear  languages.  Then v~~ is se- 
milinear~ i. o. the family of semil inear languages  is closed under  nested 
i terated subst i tu t ion.  

The resul t  obviously applies also to commuta t ive  languages.  Iqext we 
dellne a new class of commuta t ive  g rammars .  

A modular commutative grammar GC ~ (VN, V r ,  P )  is the union of a 
finite set of components  G 1 , . . .  ~ Gm, ... ~ G,  sa t is fying conditions 1)~ 2), 3) 
and ~): 

1) G i ~ ( V ~ ,  Vr~P~), i ~ - l ~ . . . ~ m ,  O ~ m ~ n  

is a context-free commuta t ive  g rammar .  

(4) In [3] it is reported a complete proof of this statement and it is also proved 
the decidability of n. t. b. for a grammar GC. 
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2) Gj = ( Vj , FI) , Pj), j = m -~ l ,  ... , n 

is a n tb  g rammar .  
Thus  

V r ~  U Vr~, V~---- U Vi. 
i ~ l  . . , ~  i~-. l  . . . n  ' 

For  h, k in 1 . . . n  and h=~=k let  D h T ~ { A  
Aw ---)- y in Pk} hence 

"V'hn V~ = Dhl, U Dta,. 

P----  U P i .  

in "VNI u ---)- Av in /an and 

3) ]f  A is in Dhj, then A never  occurs in a p roduc t ion  A w - - ~  y~ 
w ~ ~, of P.  

4) For any g r a m m a r  Gj, if  A * > B x w h e r e A  i n D h j , B i n D j k ,  
~j 

x in *(VjlJ VT), then no non te rmina l  in x may occur in a p roduc t ion  
A w - . + y ,  w ~ ; t  of P.  

hrotice tha t  condition 4) is decidable because L (Gj, A) is semil inear .  

THEOREM 4.2. A modular p a i r  (GC, s), s in +( i~ D0)' genera tes  a se- 

mil inear language.  

PROOF: W e  demons t ra te  the existence of a subs t i tu t ion  h such t ha t  
L (GC, s) ---- h:* (s). 

Define, for ali B in V~r, 

h ( B ) ~ { x [ B - - - ~ - *  > x ,  i = l . . . n }  
ai 

and for b in Vr 
h (b) = b. 

Ex tend  h in the obvious way  to bags  over  * V. Consider  a d e r i v a t i v e :  

s ---- x. o > x i ~ - - : - . . >  x~ ... ~ >  ~ p  = ~. 

Then  : 

x i in  h i (xo)  , x 2 in h l ( x t ) = h  2(xo) , . . . ,  

xp in hP(xo) , i. e. x in h ~~ 

Conversely,  let  x in h~176 we show tha t  x in L(GG~s) .  Le t  x in hp(s) ,  
i. e. x in h (hP - l ( s ) ) .  
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Then there  exists  a der iva t ive  xr_ 1 ~ > . r p  = x, and by  induction 
~p 

s ~ > x p _ l .  Thus  h ~ ( s ) - - - - L ( G C ,  s) and by  Theor. 4.1 the proof  is 

completed.  

]~XANPLE. Consider the following g r a m m a r  GC~ which can be parti t io.  
ned into three componen t s :  

A 3 --4- At Context  free ; 

G i : A i ~ A iAs 

A 2 ---). A~A s 

A s ~ BiB. 2 

G 2 : B I B  ~ ~ A 3 

B i B  2 --)- AaC 4 

ntb  ; 

G 3 : 

As --)- C,O~ 

Ct C2 --+ A, 

Vies --+ C~03 

Cl Ca ~ A t A 9  

C4-+ VlC3. 

ntb ; 

We have : 

D,s  ---- {Asl , Di3 --~ [As}, .Dsi -~ [A3} , D~, = {A,,  A2} , D,3 = [C,}, Da~ = 6 .  

The corresponding Pe t r i  net  is represented  in Fig. 2. Notice tha t  the boun- 
daries of the throe components  in Fig.  2 are a rb i r a ry  to some e x t e n t :  e .  

g. A3---~A i could be moved from G t to G~. Le t  s--~ A I A  s the axiom. 
Then the conditions of  Theor.  4.2 are met  and .L (GC, s) is semilinear.  

We note t ha t  condit ions 1) to 4) of  our definition provide  a sufficient 
but  res t r ic t ive  condit ion for the appl icabi l i ty  of Greibach resul t  to corn- 
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mutat ive  languages.  Therefore it  would be expedient  to relax some of the 
conditions. However ,  it seems that  modular Pet r i  nets as they stand, have 
a meaningful in terpre ta t ion  in terms of models for parallel processing. A 
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Fig. 2 

ntb-component  could represent  a synchronizat ion process which must  be 
completed prior to the react ivat ion of the same process. On the  other  hand~ 
processes which do not require synchronizat ion,  i. e. context  free components ,  

are not  subject  to the previous constraint .  

5. C o m m u t a t i v e  and m a t r i x  g r a m m a r s .  

In  this section we prove the equivalence of commuta t ive  and mat r ix  

[7, 8] grammars  (5). 

A matrix grammar GM of order n is a triple (VN,  V~,, P )  where 

VN ~ nontermina l  a lphabet  

Vr = terminal  a lphabet  

V-~  Vr U V~r 

P ~  {p~}. Each prodae~ion p~ is a k~-tuple of context-free componen t s :  

[A~,l--+ bti, 1, Ai,~--+ # i , z , . . . ,  A~.~--+/~,  ~] 

(5) The same result that appeared in [3] was also independently obtained by [18]. 
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where l ~ k ~ n ,  Ai.~ in V~v, /~i,j in V* for i - ~ - l ,  2 , . . . , k i .  Lot  ( i , j )  the 

j - th  component  of Pi .  
Let  G N  the (non-commutative) context-free g r a m m a r  having  as produc- 

tion set the set  of all the components  (i, j)  of MG. Let  ~, z in V + .  Then 
immediately  derives ~, wri t ten Q ~ >  z, iff there exists  a der ivat ion in G N  

(i. :) (i, ~) (i, ,~i ) 

Then a der ivat ion is defined as usually.  
The language generated by a matr ix  g r a m m a r  pair  (GM, o), o in V + ,  

is then : 

/ ; (MG,  o ) = { ~ I ~  in V~ and o *--->~t. 
MG 

The nex t  theorem establ ishes the ~ .equiva lence  of commuta t ive  and matr ix  
g rammars .  

T~rEORE.~r 5.1. For any  eommuta t ive  g r a m m a r  pair  (GC, .s'), GC---~ 

~-. ( V ~ ,  V r ,  PC),  there exists a ~ -equ iva len t  mat r ix  g r a m m a r  pair  (MG, o), 

M G  ~ (V~r, Vr ,  P) ,  and conversely.  

PROOF: First ,  if  GC is not threshold-free,  replace it by an equivalen~ 
threshold-free g r a m m a r  (v. s. Lemma 2.1). 

Le t  P C  ~ {u---)-v, ...} where we assume without  loss of genera l i ty  

u ~-- A iA~  ... Av  , A i  in Vzr , i .----1, 2~ ... , p 

and 
v ~ B i B ~ . . . B q ,  Bi in V~v, i f - - 1 , 2 , . . . , q  

o r  

u - - A ,  A in V~r 
and 

v-----a, a in VT. 

Let  
n - - - m a x { p l ( u - - > v  ) in PC} .  

Construct  a mat r ix  g r am m ar  GM of order  n as follows. For  each rule 

A i ... Ap --+ B i ... Bq cons t ruc t  the rule. [A t - +  B t , ... ~ A~ --~ Bp Bp+l ... Bq] 
i f  q ~ p ,  or otherwise 

[A t - -+  B t , . . . ,  Aq --+ Bq , A q + l  -.-,)" )~, ... , Ap ---+ ~]. 
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Similarly, for each rule 
see that  
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A - +  a, const ruct  the rule [A--+ a]. I t  is easy to 

u ~ v 

iff there exist  two str ings 0, �9 such tha t  

e~----~-> 

where ~ (~) ~ T(u) ,  T (3) ~ (v). 
I t  follows that  for any str ing o, such that  T ( ~ ) ~  T(s),  

~ ( 5  (aM, o)) ~ T ( L  (GO, s)). 

Conversely~ consider, without  loss of generality,  G M  of order n with pro- 

ductions of the two types :  

1) [ A ~ , l - - ~  ~ i , t  ~ A ~ . 2 - +  /~,2  , . .  , A i , ~ - +  ,u~,k~] 

where 
/~.h ia V,~r , h -~--1, ... , ki , l ~ :  k~ ~ n.  

where a in V~. 
Define the integer vector z/i with [ Vlvl components :  

Ai, j  ~ Tj(~,i ,  1 #~.2 .../~,,k~) - -  T j ( A i .  1 Ai ,2  ... A~,j~) 

j ~ 1, . . . , I  V~I .  Const ruc t  a second integer vector  Ui with nonnegat ive  

components  : 

U~,j== max {0, ( T / ( A i ,  I A ~ , ~ . . . A i ,  h ) - -  T~(U~.o Ui, 1 ... ui,~-~))} 
h-~-l . . .  k i 

j-----1, . . . ,  I V~rl, and we assume /~, 0-~-2, ~ /~(~ ,0 )~  0. 
The product ion set of GG is constructed as follows. For  each rule of 

type  1) construct  the rules 

~-~  (~)  - +  ~-~  (~  § ~7~), 

and for each rule of type 2) cons t ruc t  the rule A- -+  a. I t  should be ob- 
vious that ,  for any s such tha t  ~ ( o ) ~  T(s)  the pairs (GM~o)  (GC,  s) are 

~ .  equivalent .  
Q.E.D. 



grammars 187 

MG [15]: 

EXASIPLE: the following g r a m m a r  pairs  are T - e q u i v a l e n t :  

[A i - +  A2AaA4As] 

[A~ --+ A A s  , A 3 ~ A3A , A 4 -+  A4A , A 5 - +  AAS] 

[A s ~ B A s ,  Aa - +  A3B , A 4 ---+ A4B , A s --+ BAs] 

[ A s - +  ~, A3--+,t  , A 4 - +  ], A s - +  2] 

[a -+ a] 

[ t~ --+ b] 

o ~ A  i 

G~: Ai---)-A2A~A4A 5 

A~AaA4As- - ) .A4AiA3A4A 5 

A2AaA4As---)-B4A2AaAaA5 

A~AaA4As--+2 

A ---+ a 

B --+ b 

8 ~ A  i 

Unfor tuna te ly  the geuerativ-e capaci ty  of  mat r ix  g r ammars ,  with the above 
definition of derivat ion,  is not  known [8]. In  par t icular ,  i t  is an  open pro- 
blem whether  matr ix  languages  are recursive.  As a consequence,  the T -  
equivalence of mat r ix  and commuta t ive  g r a m m a r s  is of  no use, in the ge- 
neral caso and  at  the present  s tate  of knowledge,  for solving the reachabi-  
l i ty problem (~). 

Therefore we can only deduce the equivalence be tween recursiveness-  
emptiness problem for matr ix  languages  and  reachabi l i ty  for commuta t ive  

(6) In the literature certain reeursive subclasses of matrix languages (simple matrix, 
equal matrix) [15; 16] have been defined. However their corresponding commutative 
grammars seem uninteresting. 
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l anguages :  in fact recurviveness  and emptiness  problems are equ iva len t  
for matr ix  languages,  since )L-right hand  sides are allowed and tim class oi 
mat r ix  languages  is closed under  intersect ion with regular  sets [8]; thus  

theorem 5.1 clearly implies tha t  

i) the solution of recurs iveness  problem for m. 1. implies the so- 

lut ion of reachabi l i ty  problem for e. I. 

ii) the solution of reachabi l i ty  problem ibr e. 1. implies the solut ion 

of emptiness  problem for m. 1.. 

7. Conclus ion .  

In  our opinion the formalism of commuta t ive  g r ammars  provides  a 
concise representa t ion  of parallel  process ing and synchronizat ion problems.  

In  addit ion tile formalism allows the t ransfer  of w e l l k n o w n  resul ts  of 
noncommuta t ive  tbrmal languages  (e. g. Par ikh  theorem) to the commuta-  

t ive  ones. 
However  the main problems of Petr i  nets,  i. e. decidabil i ty of  reacha- 

bili ty and liveness remain  open in the general  case. Also for the semil i-  
near i ty  problem, we have  only been able to prove  the p roper ty  for some 
subclasses.  

~Notiee tha t  the semil inear i ty  p roper ty  was proved  not to hold in the 
general  case [5]: thus  the problem is to find necessary  and/or  sufficient 
conditions for semil ineari ty.  

I t  is easy to show tha t  the non-semil inear i ty  of a general  commuta t i ve  
language  implies also the non semil iuear i ty  of  a context-sensi t ive  commu- 
ta t ive  language~ which is r eeu r s ive :  i t  follows that~ as in the non commu- 
ta t ive  case~ the domain of semil inear i ty  is proper ly  included in the domain 

of recursiveness .  
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